It is now well known that hydrodynamic interactions between particles under the action of a body force can greatly alter a suspension's microstructure and even create concentration instabilities, particularly when the particles are characterized by an intrinsic microstructural variable such as orientation or shape deformation.
1-5 These instabilities share a common mechanism in the regime of dilute concentration and low particle Reynolds number, 1-5 and they are very important in describing the rates of sedimentation of fibers in suspension.
2,4, 5 We describe another example of this instability that is perhaps not obviously related to the previous work in this area. As described below, buoyant bubbles contaminated with surfactant are subject to a concentration instability due to the Marangoni forces induced by hydrodynamic interactions.
The simplest mathematical description of these instabilities is through a mean field theory, where the particles only interact through the mean flow. We assume the microstructural variable ͑deformation, orientation, etc.͒ changes instantaneously compared to the growth rate of concentration fluctuations caused by this variable ͑an assumption we justify at the end of the analysis͒. In this situation, the instability of a dilute, monodisperse suspension at low Reynolds number can be captured by a particle advection-diffusion equation coupled with an averaged momentum equation
ٌ 2 uЈ − ٌp + F = 0; ٌ · uЈ = 0. ͑2͒
In Eq. ͑1͒, is the suspension concentration, F is the body force on a particle, M is the mobility of a particle, D is a hydrodynamic dispersion tensor, and uЈ is the mean disturbance velocity of the fluid caused by all particles. uЈ satisfies an averaged Stokes flow ͑2͒ which includes a body force proportional to the suspension concentration. 1-3 Hydrodynamic interactions occur between particles via uЈ, and these interactions amplify concentration fluctuations when the advection flux M · F + uЈ is larger than the diffusive flux −D · ٌ, and both point in opposite directions. Because of the microstructural variable describing the mobility of the particle, the particle's mobility is coupled to the mean velocity gradient via M = fٌ͑uЈ͒, and this coupling is what drives instability. For weakly deformable particles, M = M 0 ͑1+E͒, where E is the local rate of strain ͓i.e., 1 2 ٌ͑uЈ + ٌuЈ T ͔͒, and is a relaxation time-scale for the mobility as effected by E͉͑E͉ Ӷ 1͒.
2 Horizontal waves at low wavenumber cause density destabilization when Ͼ 0, while vertical waves ͑in the gravity direction͒ do not grow or decay.
2 In situations where the microstructural variable does not respond instantaneously to the mean flow, the theory is more complex, but contains the same basic physical elements.
1, 3 The instability is again driven by velocity gradients perturbing the mobility in such a way that the concentration fluctuations amplify.
In this letter, we introduce a new example of this concentration instability due to collective hydrodynamics. In this example, the instability is caused by lateral motions of surfactant-contaminated bubbles due to variations in surface tension at their interface ͑i.e., the Marangoni effect͒. We structure our paper as follows. First, we derive an expression for the mobility tensor of these bubbles under a weak disturbance velocity uЈ in the suspension mean flow. This derivation is simpler than previous treatments of this problem, and our analysis considers the combined effects of buoyancy, surfactant surface diffusion, and mean flow uЈ which to our knowledge have not been examined together. 6 Next, we perform a linear stability analysis on the concentration and averaged momentum equations ͑1͒ and ͑2͒ to determine which wavenumbers yield instability, and hence bubble aggregation. Surfactants have been observed to induce bubble clustering at finite Reynolds number, 7, 8 although the mechanism behind this observation is not entirely understood. We demonstrate that clustering can occur at zero Reynolds number, although the mechanism may be different from the finite Re case.
Suppose we have a buoyant, spherical bubble rising in a viscous fluid subject to a far-field velocity uЈ. We assume this velocity varies slowly over the bubble's length scale, so it is linear in the bubble's vicinity ͑i.e., u i Ј= ⌫ ij x j , where indicial notation is assumed͒. We also assume the bubble has surfactant on its surface, initially distributed uniformly at concentration c 0 . We want to determine the dependence of the bubble's mobility M on the disturbance velocity, i.e., ⌫ ij . We will solve the coupled equations of fluid motion and surfactant concentration via an asymptotic series assuming weak surface convection ͑Pe u = ⌬ga 3 / D s Ӷ 1͒ and very weak deformation ͑Bo= ⌬ga 2 / ␥ Ӷ Pe u ͒. For the Peclet and Bond numbers defined above, ⌬ is the density difference between the fluid and bubble, g is the gravitational acceleration, a is the bubble radius, is the fluid's viscosity, ␥ is the surface tension at concentration c 0 , and D s is the surfactant's surface diffusivity on the bubble's interface.
Before we describe the equations governing the problem, let us describe what we expect to observe physically. The bubble's rise velocity from buoyancy will sweep surfactant from the front of the bubble to the rear, forming a "cap" of excess surfactant at the back 9 ͓Fig. 1͑a͔͒. Under an external velocity gradient ⌫ ij , this cap may laterally advect, producing Marangoni lift forces and hence a drift velocity ͓Figs. 1͑b͒ and 1͑c͔͒. If the bubble drifts up the velocity gradient ⌫ ij , we expect to observe concentration instability, as a suspension of bubbles will move against the diffusive flux ͓Fig. 1͑d͔͒. We note that the coupling of gravity and ⌫ ij is necessary to produce the symmetry-breaking that causes lateral motion.
Let us suppose we are in the bubble's rest frame, and the bubble's surface tension depends linearly on surfactant concentration: ␥͑c͒ = ␥͑c 0 ͒ + ͑c − c 0 ͒d␥ / dc. If we scale all distances by a, velocities by ⌬ga 2 / , pressures by ⌬ga, and concentrations by c 0 , we obtain the following nondimensional equations and boundary conditions around the bubble:
The first field equation is the Stokes equations for the fluid outside the bubble with ⌸ being the modified pressure ⌸ = p − g i x i ͑g i is the unit vector in the direction of gravity͒. The second field equation is an advection-diffusion equation for the surfactant on the bubble surface. ٌ s is the surface gradient operator, defined as ͑I − nn͒ · ٌ, and u s is the tangential surface velocity on the bubble. We neglect surface dilation, and we ignore adsorption from the bulk ͑see Ref. 10 for full equation͒. Surface diffusion dominates advection, so Pe u Ӷ 1. This "uniformly retarded profile" model is adopted by many authors for studying surfactant effects on droplets. 9, 11 The case Pe u ӷ 1 ͑"stagnant cap model"͒ is much more difficult to handle. We do not consider this situation, although it is widely studied. 12 The first velocity boundary condition is no penetration at the surface. The second boundary condition states that the far-field velocity is the local mean velocity ⌫ ij x j minus the bubble translation velocity ͑u i bubble = U i rise +Pe ⌫ U i drift ͒. Pe ⌫ is the Peclet number from the external velocity gradient, defined as Pe ⌫ = ͉⌫ ij ͉a 2 / D s . We assume that the flow from ⌫ ij is weak compared to the bubble's rise velocity, so Pe ⌫ Ӷ Pe u . This assumption simplifies the problem considerably, although we obtain the same drift velocity as long as Pe ⌫ Ӷ 1. The last boundary condition is the stress balance. ͓S ij n j ͔ is the jump in the modified stress across the interface, where S ij = u i,j + u j,i − ⌸␦ ij . The first term on the right hand side is the jump in the normal stress, where ٌ s · n is the surface curvature. The second term is the jump in the tangential stress, and the last term is the body force from buoyancy. Ma is the Marangoni number, defined as Ma= −͑c 0 a / 6D s ͒ ϫd␥ / dc. This number is strictly positive and O͑1͒. As we see later, Ma −1 plays a role analogous to a slip length. From the field equations and boundary conditions, it is clear that the velocity and surfactant concentration can be solved via a regular perturbation expansion: and   FIG. 1 . ͑Color online͒ Schematic for bubble drift and instability. ͑a͒ A spherical bubble rises under gravity, pushing surfactant to the rear of the bubble. Under a weak disturbance velocity, the surfactant cap can laterally advect, producing a Marangoni lift force. ͑b͒ In straining flow, the cap advects toward the axis of extension. ͑c͒ In vortical flow, the cap advects in the rotation direction. ͑d͒ Bubbles that migrate up velocity gradients destabilize bubbly suspensions. A long-wavelength perturbation of bubble concentration produces the suspension shown above, where the circles are bubbles. Regions of high bubble density push the surrounding fluid more strongly than regions of low bubble density, creating a local shear flow on the length scale of a single bubble. Bubbles that move up the velocity gradient ͑thick arrows͒ amplify the concentration perturbation.
101702-2 V. Narsimhan and E. S. G. Shaqfeh Phys. Fluids 22, 101702 ͑2010͒ g i W jk . We expect the drift to depend only on vectors g i E ik and g i W ik , since traceless tensors cannot contribute a net force on spherical droplets. 13 Plugging the perturbation expansions into the field equations yields a system of linear equations which are straightforward to solve. Because the bubble's deformation is very weak ͑BoӶ Pe u ͒, we can safely ignore shape change everywhere except in the curvature term ٌ s · n in the normal stress balance. The results for the bubble translation velocity and steady-state bubble shape are ͑defining F i =−4g i / 3 as the dimensionless buoyancy force͒
The O͑1͒ term in the bubble velocity is the rise velocity derived by Levich 9 and others. 11 This velocity points in the direction of buoyancy, and 2Ma behaves like a viscosity ratio, or equivalently an inverse slip length. As Ma→ 0, we recover the rise velocity of a pure bubble, and as Ma→ ϱ, we recover the rise velocity of a pure solid sphere. The O͑Pe ⌫ ͒ drift velocity has two terms: one that depends on the strain rate of the disturbance velocity ͑E ik ͒, and another that depends on the vorticity of the disturbance velocity ͑W ik ͒. E and W are the relaxation time scales for these two terms, and we see that W Ն E . As Ma→ 0 or Ma→ ϱ ͑i.e., we approach pure bubble or pure solid limits͒, we observe no drift velocity, in agreement with physical expectations. The bubble's mobility falls directly from Eq. ͑8͒, as the mobility tensor is related to the translation velocity by u i bubble = M ik F k . One important result from this analysis is that a surfactant-contaminated bubble will migrate up the velocity gradient in an external shear flow. For example, let us consider the case where buoyancy points in the positive z-direction ͑F k = ͉F͉␦ k3 ͒ and the disturbance velocity has a gradient in the positive x-direction ͑⌫ ij = ␦ 3i ␦ 1j ͒. Using the expressions in Eq. ͑8͒, the drift velocity of the bubble becomes 1 2 Pe ⌫ M 0 ͑ W − E ͉͒F͉␦ i1 , where W Ն E . Because this drift velocity moves up the velocity gradient, we expect this lateral motion to destabilize concentration fluctuations ͓Fig. 1͑d͔͒.
In Eq. ͑9͒, the steady state deformation at O͑Bo Pe ⌫ / Pe u ͒ agrees exactly with previous theoretical studies. 14 We recover the deformation of a pure bubble as Ma→ 0, and the deformation is slightly larger than that of a pure solid as Ma→ ϱ. As expected, we observe no dependence on K ijk when we are in the pure bubble ͑Ma→ 0͒ or pure solid ͑Ma→ ϱ͒ regimes. These results are valid when BoӶ Pe u . When Pe u Ӷ BoӶ 1, the deformation will affect the mobility to a greater extent than the convection of surfactant driven by the mean velocity. This deformation-induced destabilization has been studied already, 2 and we do not consider it any further.
From the mobility tensor in Eq. ͑8͒, we can characterize the stability of a dilute, monodisperse suspension of surfactant-contaminated bubbles rising through viscous fluid. The procedure below is the same as in Ref. 2. We perform a linear stability analysis of the concentration equation ͑1͒ and averaged Stokes equation ͑2͒ around the homogenous base state uЈ =0, = 0 , and ٌp = 0 F. During linearization, we assume all perturbations are of the form f = f exp͑ik j x j + t͒, where k j is a perturbation wavevector and is a complex frequency. If Re͑͒ Ͼ 0, the perturbations grow in time, and the base state is linearly unstable. This analysis implicitly assumes the wavenumber is small ͑i.e., ka Ͻ 1 where ͉k i ͉ = k͒, since the mobility expression in Eq. ͑8͒ approximates the local velocity as linear on the scale of the bubble. Below, we present the dispersion relation for the growth rate of the instability. is the angle between the buoyancy force F i and wavevector k i ͓k i F i = kF cos͔͑͒. D ʈ and D Ќ are the components of the hydrodynamic dispersion tensor parallel and perpendicular to the buoyancy direction. is nondimensionalized by a 0 F 2 / 2 D s , and k by 0 1/3 :
shows that the stability of the bubble suspension depends on two effects: the bubble drift velocity and hydrodynamic dispersion. The first term on the right hand side corresponds to the bubble drift velocity under the presence of external shear. This drift migrates up velocity gradients and destabilizes concentration fluctuations as mentioned previously. M 0 , W , and E correspond to dimensionless mobility and time scales found in Eq. ͑8͒. Vertically propagating waves do not contribute to this instability since sin =0 in this case. The remaining terms in Eq. ͑10͒ correspond to hydrodynamic dispersion. These terms stabilize the growth rate for all wavevectors with stabilization weakest at small wavenumbers. is a dimensionless dispersion coefficient, defined as = 2 D s D Ќ / a 0 1/3 F 2 . This coefficient scales as
where 0 is a dimensionless suspension concentration 0 = 0 a 3 . D Ќ / U rise is difficult to predict a priori, but simulations on point particles suggest that it is approximately 0.001N 1/2 , where N is the total number of particles in the suspension. 15 By assumption, 0 Ӷ 1 since the solute is dilute, and Pe ⌫ Ӷ 1 as mentioned previously. Thus, is a large number ͑ ӷ 1͒, so only small wavenumber disturbances are unstable in the suspension. Simulations 15 and experiments 16 on spheres suggest that D ʈ / D Ќ varies between 20 and 100. Hence, the stabilization force is stronger for vertical wave perturbations than for horizontal wave pertur-bations. At no dispersion ͑ =0͒, all horizontal waves cause instability. Figure 2 presents the growth rate of the concentration fluctuations versus k, examining the effects of Marangoni number ͑Ma͒ and the direction of wave propagation ͑͒. All growth curves exhibit parabolic behavior with wavenumber selection at k = 0. For a fixed , we obtain maximum destabilization at = / 2 ͑horizontal waves͒ and Ma= 0.43 ͑maxi-mum drift velocity͒. As Ma→ 0 or ϱ, the drift velocity vanishes, so all wavenumbers stabilize. If we include quadratic terms in the external disturbance velocity, we may get wavenumber selection at k Ͼ 0, since previous studies show that this nonlinearity causes additional particle migration up velocity gradients. 6 Moreover, previous examinations of this type of structural instability show that a host of effects not examined here can play a role in wavenumber selection such as density stratification and boundary conditions at container walls.
2,3
Before we conclude, we would like to revisit some simplifying assumptions we made in our linear stability analysis. As stated before, we assumed the microstructural variable ͓i.e., location of surfactant cap as shown in Figs. 1͑b͒ and 1͑c͔͒ changes instantaneously compared to the time for growth in the concentration fluctuations caused by this variable ͑or equivalently, the time it takes a bubble to drift over a distance k −1 ͒. This assumption allows us to ignore the time history of each bubble, and we justify this approximation below. The time scale for the surfactant cap to convect due to external shear is c = ͑a 2 / D s ͒͑Pe u Pe ⌫ ͒ −1 , where a 2 / D s is the time scale of surface diffusion. In order to satisfy the quasistatic assumption, this convective time scale c must be much smaller than the time scale for the bubble to drift one wavelength ͓i.e., drift = ͑U drift k͒ −1 ͔. The drift velocity U drift in external shear is ͑2D s / 3a͒Pe u Pe ⌫ M 0 ͑ W − E ͒, where M 0 , W , and E correspond to the dimensionless mobility and time scales found in Eq. ͑8͒. Simplifying, we obtain c Ӷ drift when ka Ӷ 3 / ͓2M 0 ͑ W − E ͔͒. The right hand side is minimized at MaϷ 0.43, giving ka Ӷ 200 as an estimate to satisfy our assumption, which is automatically satisfied for any ka Ͻ 1.
In this study, we examined a new type of concentration instability due to the coupling of hydrodynamic interactions with an external body force. This Marangoni-type instability is driven by surfactant inhomogeneities which ultimately cause particles to drift up a disturbance velocity gradient. This phenomenon can be generalized to thermophoretic or electrocapillary flows, since surface tension is also a function of temperature and surface charge. Such extension of this work will be interesting to examine in the future. This work was supported by NSF through a Graduate Research Fellowship to V.N.
